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1. INTRODUCTION
There are several open problems in extending definitions and results
from measure theory to the theory of capacities. Here we define some
products of two independent capacities.
There was some attempts in the literature to define a product of
w xcapacities, see, for example, the recent paper by Hendon et al. 4 and the
literature cited there.
In this paper it is shown that the set of normalized capacities on a finite
set V can be considered as the geometrical realization of some distributive
Ã Ã .  .lattice L V . Elements of the lattice L V are in one-to-one correspon-
 4dence with 0, 1 -valued capacities. The geometrical realization is a convex
polytope. Therefore, there is no unique representation of an interior point,
 4a capacity, via the vertices, 0, 1 -valued capacities. To catch a unique
representation, we pick a triangulation of the geometrical realization.
Given a triangulation, a capacity can be uniquely represented as a convex
combination of vertices of that simplex of the triangulation to which the
capacity belongs. Because of this, triangulations provide decompositions of
 4capacities via 0, 1 -valued capacities.
We study two triangulations: the natural triangulation and a triangula-
tion which has the set of totally monotone capacities as a simplex.
Given a triangulation, the product of capacities on finite sets V , V can1 2
 4be defined by linearity via some embedding of the product of 0, 1 -valued
Ã Ã .  .capacities or distributive lattices L V and L V into the lattice of the1 2$
 .product, L V = V .1 2




Copyright Q 1998 by Academic Press
All rights of reproduction in any form reserved.
GLEB A. KOSHEVOY428
The product with the natural triangulation is a comonotone linear
operation.
The product with the totally monotone triangulation, which has the set
of totally monotone capacities as a simplex, provides that the product
 .restricted on the set of totally monotone capacities or belief functions
w xcoincides with that axiomatized in 4 .
Distributive lattices and the Mobius function play an important role forÈ
 .these constructions see Sections 2 and 3 .
2. DISTRIBUTIVE LATTICES AND ORDERED SETS
A lattice L is a set endowed with two operations: the meet a n b g L
 .  .a, b g L and the join a k b g L a, b g L which are idempotent, a n
 .  .a s a a k a s a ; commutative, a n b s b n a a k b s b k a ; and as-
 .  .  .  ..sociative, a n b n c s a n b n c a k b k b s a k b k c . A lat-
tice L is said to be distributi¨ e if the following equality holds
a k b n c s a n c k b n c , ;a, b , c g L. .  .  .
  w x. .In such a case the dual equity is fulfilled too see, for example, 3 . It is
possible to characterize completely the structure of any finite distributive
lattice. Ordered sets play a central role for this matter.
An ordered set is a set equipped with an order F , i.e., a reflexive,
 P .  Q .transitive, antisymmetric binary relation. Let P, F and Q, F be
ordered sets; f : P ª Q be a function. f is said to be monotonic or
. P  . Q  .morphism if p F p9 implies f p F f p9 . The set of all morphisms
 .from P in Q is denoted by Mon P, Q .
 .The set Mon P, Q becomes an ordered set if we set the order f F g by
 . B  .the rule: f p F g p for all p g P. If Q is a lattice, then the set
 .  .Mon P,Q is a lattice. If Q is a distributive lattice, then Mon P, Q is a
  4.distributive lattice too. In particular, the set Mon P, 0, 1 of all monotone
 4  .functions of an ordered set P in the lattice 0, 1 0 n 1 s 0, 0 k 1 s 1 is
a distributive lattice. It will be convenient to consider the set of non-
 4increasing maps from P to 0, 1 , i.e., the set of functions such that p F p9
 .  .  .implies f p G f p9 . Let D P be the set of such functions. It is a
 .distributive lattice finite, if P is finite .
The crucial fact of lattice theory is that any finite distributive lattice in
such a fashion looks alike. To check it, we explain how to construct an
 .ordered set base for L.
The base of a lattice consists of join irreducible elements. A non-zero
element e g L is said to be join irreducible if a relation e s a k b implies
 .either a s e or b s e. Denote P L as the set of all join irreducible
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 .elements in L; P L is said to be the base of L. This set is naturally
endowed with the lattice order, a G b if a k b s a, a, b g L. Therefore it
is an ordered set. For each a g L, define the base of a as the set
 .   . 4 B a s e g P L , e F a . It is easy to check the following facts see, for
w x.example, Gratzer 3 .
 .  <  .41 a s sup e e g B a for all a g L.
 .  .  .  .  .  .  .2 B a n b s B a n B b and B a k b s B a k B b .
Therefore, the map B embeds a lattice L in the lattice of subsets of
 .  .  .P L . It is easy to describe the image B L . It is evident that sets like B a
 .are order ideals in P L ; recall that an order ideal is a set which with any
 .element contains all smaller ones. Taking into account 2 , we have
 .  .  .3 Any order ideal M in P L is of the form B a with a s sup M.
Thus, any finite distributive lattice L is isomorphic to the lattice of order
 .ideals of the ordered set P L .
Finally, consider with each order ideal its characteristic function. So, we
can state
Any finite distributi¨ e lattice L is isomorphic to a lattice D P L . ) .  . .
 .This shows that to set a finite distributive lattice is equivalent to setting a
 .  .finite ordered set. Moreover, we can say that the category of finite
 .distributive lattices is antiequivalent to the category of finite ordered
sets.
2.1. Geometrical Realization of Distributi¨ e Lattices
Consider the set of all non-increasing maps of an ordered set P in the
w x  .  .segment 0, 1 . The set of all such functions is denoted C P . C P is a
P  .convex subset in the Euclidean space R . Moreover, C P is a convex
 .  .polyhedron and D P is naturally embedded in C P .
 .LEMMA 1. The set D P is identified with the set of ¨ertices of the
 .polyhedron C P .
 .  .Proof. It is evident that D P is a subset of extreme elements C P .
w xCheck the reverse: if a monotone function f : P ª 0, 1 is an extreme
 .  4element of the convex set C P , then its values are in 0, 1 .
 . y1 .Suppose, f has a value a g 0, 1 . Let X s f a . Consider functions
q y  .f and f given by the formula e ) 0
f x " e , if x g X ; .
"f x s .  f x , if x f X . .
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If e is a small, then functions f " would be monotone functions and are
1 1q y .elements of C A . But, f s f q f , which contradicts f being an2 2
extreme element. Q.E.D.
< <   ..The set L [ C P L is said to be the geometric realization of a
distributive lattice L.
 . w xPFor example, for a trivial ordered set P, C P is the unit cube 0, 1 .
 . w xPC P of a completely ordered set P is the simplex in the unit cube 0, 1 .
 .2.2. The Natural Triangulation of C P
Here, we want to stress an important property of the geometric realiza-
tion of a distributive lattice, namely, for any poset P, there exists a natural
 .  .  .triangulation S P of C P . This means that C P is a union of simplexes,
which correctly stick together.
 .  .The set of vertices of the triangulation of C P is the set D P . A
 .simplex of the triangulation is defined by a chain in D P . A chain is a
 4  .tuple V s x - x - ??? - x of elements in D P . Elements of a chain0 1 n
 .  .are linearly independent. Therefore s V [ co x , x , . . . , x is a sim-0 1 n
 .  .plex of dimension n in C P . If V 9 is a subchain of V, then s V 9 is a
 .  . n nface of s V . An element f g s V , i.e., f s  a x , where  a s 1,0 i i 0 i
a G 0, has the following form. Let x be the characteristic function of ai i
  4.ideal X ; P recall, that x : P ª 0, 1 , i s 0, . . . , n. Then f looks like ai i
staircase: f has the maximum value 1 at X , next downwards 1 y a on0 0
X _ X , then downwards 1 y a y a on X _ X , and so on. If f belongs1 0 0 1 2 1
to the simplex interior, then it always jumps at each step. Consider the set
 .  .Ch P of all chains in D P and consider the union of all simplexes which
 .are defined by these chains. Union of these simplexes is the set C P .
 .Check that any element in C P belongs to the interior of a unique
 .simplex of the triangulation. In fact, consider an element f g C P . Then
the set of values of f defines a simplex in the union. Reorder values of f
  .in an increasing manner: a ) a ) ??? ) a . Set X s p g P: f p G1 2 n i
4a with x its characteristic function. This set of characteristic functions xi i i
 .defines a chain V, i.e., a simplex s V of the triangulation. Moreover,
ny1
f s a y a x q a x . 1 .  . i iq1 i n n /
1
 . Therefore, f g int s V if a s 1 and a ) 0 if a - 1, then we should1 n 1
.add x s 0 to the chain V; if a s 0, then we should drop x .0 n n
 .  .The union of such simplexes over the set Ch P of all chains in D P
 .   .realizes the natural triangulation S P . The triangulated space C P is
an example of the more general construction of the geometrical realization
w x.of simplicial sets 2 .
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È3. THE MOBIUS FUNCTION
Given a finite poset P, the Mobius function m from P = P to R isÈ
defined inductively by
m p , p s 1; m p , p9 s 0 for p l p9, .  . ]
m p , p9 s y m p , r for p F p9. 2 .  .  .
pFr-p9
w xRecall some properties of the Mobius function, see, for example, 7 .È
 .1 If m* is the Mobius function of the dual partially ordered setÈ
 .  .  .obtained by replacing F by G , then m* p9, p s m p, p9 .
 .2 If m and m are the Mobius functions of P and Q, respectively,ÈP Q
then the Mobius function of P = Q is given byÈ
m p , q , p9, q9 s m p , p9 m q , q9 . .  .  .  . .P=Q P Q
 .3 The Mobius inversion formula.È
PROPOSITION 1. Let P be a finite partially ordered set, and h be a function
from P to R. Then if
g p s h p9 , .  .
p9Fp
we ha¨e
h p s m p9, p g p9 . .  .  .
p9Fp
 .  .From Properties 1 and 3 , the Mobius inversion formula has theÈ
following dual form, which will be of use.
PROPOSITION 2. Let P be a finite partially ordered set, and h be a function
from P to R. Then if
g p s h p9 , .  .
p9Gp
we ha¨e
h p s m p , p9 g p9 . .  .  .
p9Gp
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3.1. The Natural Triangulation and the Mobius FunctionÈ
 .Here, we want to show that coefficients in 1 of the decomposition of
 .an element of C P via vertices of the simplex in the natural triangulation
to which the element belongs can be calculated via the Mobius function ofÈ
 .the distributive lattice D P .
Ä .  . w xLet f be an element of C P . Then define a function f : D P ª 0, 1
by the rule
Äf x s min f p , x g D P . 3 .  .  .  .
  .4pgB x
 .  < 4Observe that for p g P there holds p g B p s p9 g P p9 F p . Then,
Ä .  .due to increasing of f , we have f p s f p , p g P.
ÄThe following theorem establishes a relation between the function f and
 .the decomposition formula 1 .
 .THEOREM 1. Let L s D P be a distributi¨ e lattice, and m: L = L ª R
 .be the Mobius function of the poset L x F y if x k y s y, x, y g L . Let f beÈ
 .an element of C P , let a ) ??? ) a be the set of ¨alues of f , and x be1 n i
  . 4characteristic functions of the sets X s p g P: f p G a , i s 1, . . . , n.i i
Ä  .  .Let f be the function on D P defined by 3 . Then
Äm x , y f y s a y a , i s 1, . . . , n y 1, 4 .  .  . i i iq1
yGx , ygLi
Äm x , y f y s a , 5 .  .  . n n
yGx , ygLn
and
Äm x , y f y s 0, x / x , i s 1, . . . , n. 6 .  .  . i
yGx , ygL
Ä .  .Proof. First, observe that there holds f x s f x with minimal i suchi
 .that x G x. Given x g L, write i x for such i.i
We have
Äm x , y f y .  .
yGx , ygL
ny1
s m x , y a q a y a ? m x , y . .  .  .  n i iq1 /
yGx , ygL  . x GyGx , ygLisi x i
7 .
Because of the definition of the Mobius function, there holdsÈ
m x , z s 0. 8 .  .
xFzFy
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 .  .  .Hence by 8 , for any x / x each addend in 7 equals zero, that yields 6 ;i
 .  .for x s x the only one addend a y a  m x , x equalsi i iq1 x G y G x , y g L i ii i
 .a y a and all other equal zero, that yields 4 ; and for x s x wei iq1 n
 .have 5 . Q.E.D.
 .Because of this theorem, we have that the decomposition 1 has the
form
f s p f x x , 9 .  .
 .xgD P
with coefficients
f Äp x s m x , y f y . 10 .  .  .  .
yGx , ygL
 .Remark. The set C P is a convex polyhedron and its elements have
 .nonunique representations if P is no a chain as convex combinations of
 .its extreme points, points of D P . Every representation f s
 .  .  . f x x defines the function f y s  f x on the latticex g DP . x G y
 .  .D P . Different representations of the same element of C P realize
 .different functions on the lattice D P .
4. CAPACITIES AND LATTICES
 4Let V be a finite set, say V s v , . . . , v . A capacity is an increasing,1 n
V  .with respect to the set inclusion, map ¨ : 2 ª R, ¨ B s 0. We will
 .consider the set of normalized capacities with ¨ V s 1. Due to the
construction of the geometrical realization, the set of normalized capaci-
V w xties, ¨ : 2 ª 0, 1 , comes out as the geometrical realization of the
Ã Ã .distributive lattice D V with a poset V, whose elements are non-empty
Ã V  4proper subsets of V, i.e., the set of elements of V equals 2 _ B, V , and
Ã .the order is set by A F B if B ; A. Denote L for the lattice D V . Then
any capacity ¨ can be identified with some element of the geometrical
Ã< <  .realization L s C V .
 4The following simple lemma shows the structure of 0, 1 -valued
capacities.
V  4  4LEMMA 2. Let x: 2 ª 0, 1 be an element of L, i.e., a 0, 1 -¨alued
capacity. Then there exists a tuple of sets A , . . . , A , A ; V, with A o A ,1 k i i j
i / j, such that there holds
x s max ¨ , 11 .A jA , . . . , A1 k
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 4  .where ¨ denotes a 0, 1 -¨alued capacity defined by ¨ S s 1, if A ; S andA A
0 otherwise.
 .We will write ¨ for the element of L of the form 11 . Because A , . . . , A .1 k
of this lemma, elements of the lattice L can be considered in one-to-one
 .correspondence with tuples of sets A , . . . , A with A o A for any1 k i j
 .i / j: An element of L with the correspondence tuple A , . . . , A is equal1 k
to the set of all subsets in V which contain at least one of sets A ,i
i s 1, . . . , k.
Because of such a realization of elements of the lattice L, we have that
the join and the meet are of the form
r
A , . . . , A k B , . . . , B s A , . . . , A , B , . . . , B , .  .  .1 k 1 m 1 k 1 m
 . rwhere C , . . . , C with some sets C ; V, k s 1, . . . , s, denotes for a1 s k
reduced subtuple such that if the inclusion C ; C will occur with somek k 9
pair k, k9, then C enters in the subtuple and C does not.k k 9
r
A , . . . , A n B , . . . , B s A j B . 4 .  .  /1 k 1 m i j is1, . . . , k , js1, . . . , m
 .  .The order on the lattice L is of the form A , . . . , A F B , . . . , B if for1 k 1 m
 .every A , i s 1, . . . , k, there exists a set among the tuple B , . . . , B , sayi 1 m
 .B , with A > B . The minimal element of L equals the tuple V , and thej i j
 .maximal element is equal to the tuple v , . . . , v .1 n
Ã .  4  4Examples of lattices D V with V s 1, 2 and V s 1, 2, 3 are de-
picted in Figs. 1 and 2.
The coefficients of the representation of a capacity via extreme points of
< <a simplex in the natural triangulation of L to which it belongs can be
found via the inverse Mobius transform: By Subsection 3.1, there exists aÈ
FIGURE 1
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FIGURE 2
canonical representation of any capacity of the form
¨ s p ¨ S e , 12 .  . S
SgL
where e is the characteristic function of an order ideal S recall, that weS
 4 .identify L with 0, 1 -valued capacities on V , and the coefficients are of
the form
p ¨ S s m S, T ¨ T , 13 .  .  .  .Ä L
TGS
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 .where m S, T is the Mobius function of the lattice L and ¨ is theÈ ÄL
 .function on L defined by 3 .
 .A capacity ¨ , being represented by 12 , defines the function ¨ on theÄ
lattice L:
¨ R s m S, T ¨ T , R g L. 14 .  .  .  .Ä Ä  L /
SGR TGS
According to Theorem 1 any capacity has its initial values on the base of L.
4.1. The Totally Monotone Triangulation
For us it will be convenient to consider also another triangulation of the
space normalized capacities.
A capacity ¨ is said to be the totally monotone if
< <I q1¨ A G y1 ¨ A , 15 .  .D  Fk k /  /
kgK I;K , I/B kgI
with any finite family of sets A ; V, k g K.k
For example, capacities of the form ¨ with some A ; V are totallyA
monotone. Moreover, such capacities span a basis of the space of set
functions, and any normalized totally monotone capacity has a unique
w xrepresentation as a convex combination of the basis capacities 1, 6 .
ÃVÃ  4Because the capacities ¨ , A g V, span a basis of R , co ¨ isA A A; V , A/B
Ã .the simplex in C V . Hence, the set of totally monotone capacities span a
Ã .  .  4simplex in C V . Write D V for the simplex co ¨ .A A; V , A/B
Ã .The following theorem shows that there exists a triangulation of C V
 .such that D V is a simplex of the triangulation.
Ã .THEOREM 2. Let V be a finite set and C V be the geometrical realiza-
Ã .  4tion of the lattice D V of 0, 1 -¨alued capacities. Then there exists a regular
Ã .  .triangulation of C V which has the simplex D V as a simplex of the
triangulation.
Proof. Recall that a triangulation of the convex hull of a set of points
 4a , . . . , a in a vector space is said to be regular if there exists a function1 k
 4on co a , . . . , a that is piecewise linear and simplexes of the triangulation1 k
come out as the sets of linearity of the function.
Ã .  .Construct a piecewise linear function on D V which is linear on D V .
Ã .Recall, that with any function h: D V ª R there exists its convexifica-
Ã Ã .tion, h, on C V . Such a convexification is defined as follows. Consider the
ÃV .  4set of affine functions L h s l: R ª R , where l is an affine function
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 .  .such that l S F h S , for all S ; V. Set
ÃVÃh z s sup l z , z g R . 16 .  .  . .
 .lgL h
ÃThe function h is a convex function as supremum of affine functions.
Ã Ã Ã .  .  .Because D V is the set of extreme points to C V , there holds h S s
 .  w x.h S for every S ; V see, for example, 5, Chap. 3 .
Ã .We will construct the function h on D V as follows.
V  .Pick a function q: 2 ª R, q B s 0. Set
h ¨ s q A , A ; V ; 17 .  .  .A
h ¨ s q A l ??? l A , A ; V , i s 1, . . . , m. 18 .  .  . A , . . . , A . 1 m i1 m
 .  . VLet h be a function of the form 17 and 18 with some q: 2 ª R. Then
Ã  .the function h has the simplex D V as the set of linearity if and only if
 .for any tuple A , . . . , A there holds1 m
< <I q1q A l ??? l A G y1 q A . 19 .  .  . D1 m k /
 4 kgII; 1, . . . , m
I/B
 .To check 19 , observe that the capacity ¨ has the following A , . . . , A .1 m
decomposition via the basis ¨ , A ; V,A
< <I q1¨ s y1 ¨ . 20 .  . A , . . . , A . D A1 m k g I k
 4I; 1, . . . , m
I/B
ÃV  .Denote l for an affine function in R which has values q B in ¨ ,D B
B ; V.
Ã .  .  .  .Because of 20 , we have h ¨ G l ¨ iff 19 holds. A , . . . , A . D  A , . . . , A .1 m 1 m
Pick a totally monotone function g on 2V. Set
q A s g V _ A y g V . 21 .  .  .  .
 .It is easy to check that the condition 19 holds with such a function q.
 .That yields the existence of a regular triangulation with the simplex D V .
Q.E.D.
Ã .DEFINITION 1. The regular triangulation of C V with the function q
of the form
2 < V _ A < y 1
q A s y 1, A ; V 22 .  .< V <2 y 1
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Ã .is said to be the totally monotone triangulation. Denote T V for such a
triangulation.
 .  .The function 22 corresponds via 21 to the capacity g which is the
 .gravity center of D V .
5. PRODUCTS OF CAPACITIES
 4We depart from the definition of the product of 0, 1 -valued capacities.
 45.1. The Product of 0, 1 -Valued Capacities
Let V and V be finite sets. Denote L and L for the distributive1 2 1 2$ $
 .  .lattices D V and D V , respectively.1 2
 4  .Let ¨ be a 0, 1 -valued capacity on V with a tuple A , . . . , A , A , . . . , A . 1 1 t1 t
A ; V .j 1
 .Let ¨ be that on V with some tuple B , . . . , B , B ; V .B , . . . , B . 2 1 s k 21 s
Then set
¨ m ¨ s ¨ . 23 . A , . . . , A . B , . . . , B .  A =B 41 t 1 s j i js1 , . . . , t , is1 , . . . , s
 4  .The product of 0, 1 -valued capacities defined by 23 provides the embed-$
 .ding of the lattice L = L into the lattice L [ D V = V . Such an1 2 12 1 2
embedding is not a sublattice.
< < < <Now, given triangulations of L and L , we can define the product of1 2
capacities by linearity.
Ã .Given a triangulation of C V , we define the representation of a
capacity with respect to the triangulation as follows: Pick a capacity ¨ on
V, pick a simplex D of the triangulation to which the capacity belongs.¨
Then there exists a unique representation of the form
¨ s j ¨ S e . . S
Ã .SgD l D V¨
Such a representation is said to be the representation of a capacity with
respect to a triangulation.
5.2. The Product of Capacities with the Natural Triangulation
 .Here, we use the canonical representation of a capacity 12 to define
the product of capacities.
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Let ¨ and ¨ be capacities on finite sets V and V . Then set1 2 1 2
¨ m ¨ s p ¨1 S p ¨ 2 T e m eX , 24 .  .  .1 2 L L S T1 2
SgL , TgL1 2
¨  . ¨  . Xwhere ¨ s  p S e and ¨ s  p S e are the canonical1 S g L L S 2 T g L L T1 1 2 2
 4representations of ¨ and ¨ . The product of 0, 1 -valued capacities1 2
X X  .e m e , e g L , e g L is set by 23 .S T S 1 T 2
 .By 13 , we have
¨ m ¨ W .1 2
s m x , l m y , l9 ¨ x ¨ y , 25 .  .  .  .  .Ä Ä  L L 1 21 2 /l=l9G W , xG l , yG l9 ,12 1 2
lgL , l9gL xgL , ygL1 2 1 2
$
 .W g C V = V , and G , G , G denote for orders in lattices L , L ,1 2 12 1 2 12 1
L , correspondingly.2
 .From 25 it follows that there holds
¨ m ¨ S = T s ¨ S ¨ T for any S g L , T g L . 26 .  .  .  .Ä Ä1 2 1 2 1 2
In fact, we have
¨ m ¨ S = T .1 2
s m x , l m y , l9 ¨ x ¨ y .  .  .  .Ä Ä  L L 1 21 2 /l=l9GS=T , xGl , yGl9 ,
lgL , l9gL xgL , ygL1 2 1 2
s m x , l ¨ x m y , l9 ¨ y .  .  .  .Ä Ä   L 1 L 21 2 /  /lGS , xGl , l9GT , yGl9 ,
lgL xgL l9gL ygL1 1 2 2
s ¨ S ¨ T . .  .Ä Ä1 2
From this it follows that such a defined product is comonotone linear.
Capacities ¨ and ¨ 9 on a finite set V are said to be comonotone if, for any
  .  ..  .  ..A, B ; V, there holds ¨ A y ¨ B ¨ 9 A y ¨ 9 B G 0.
PROPOSITION 3. Let ¨ and ¨ X be comonotone capacities on V and let1 1 1
X w x¨ and ¨ be those on V . Then, for any a , b g 0, 1 , and W ; V = V2 2 2 1 2
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there holds
a ¨ q 1 y a ¨ X m b ¨ q 1 y b ¨ X W .  .  . .  .1 1 2 2
s ab ¨ m ¨ W q a 1 y b ¨ m ¨ X W .  .  .1 2 1 2
q 1 y a b ¨ X m ¨ W q 1 y a 1 y b ¨ X m ¨ X W . 27 .  .  .  .  .  .1 2 1 2
Proof. For comonotone capacities ¨ and ¨ on a set V there holds1 2
 .  .Argmin ¨ A l Argmin ¨ 9 A / B with any family A of subsetsAg A Ag A
of V. Hence, we have
a ¨ q 1 y a ¨ s a ¨ q 1 y a ¨ . .  . .Ä Ä Ä1 2 1 2
 .Because of 25 , this implies the proposition. Q.E.D.
 .  .Because of Property 2 of the Mobius function, the formula 25 can beÈ
rewritten in the form
¨ m ¨ W s m x , y , l , l9 ¨ x ¨ y . .  .  .  .  . . Ä Ä 1 2 L =L 1 21 2 /l=l9GW , xGl , yGl9 ,
lgL , l9gL xgL , ygL1 2 1 2
28 .
5.3. The Product of Capacities with the Totally Monotone Triangulation
Here, we use the representation of a capacity with respect to the totally
monotone triangulation to define the product of capacities.
Let ¨ and ¨ be capacities on finite sets V and V . Then set1 2 1 2
¨ mt¨ s n ¨1 S n ¨ 2 T e m eX , 29 .  .  .1 2 L L S T1 2
SgL , TgL1 2
¨  . ¨  . Xwhere ¨ s  , n S e and ¨ s  n S e are representations1 S g L L S 2 T g L L T1 1 2 2 Ã .of ¨ and ¨ with respect to the totally monotone triangulations T V ,1 2 i
i s 1, 2.
Ã .  .Because the simplex D V is a simplex of the triangulation T V , we get
that the product of measures equals the product measure in the usual
sense, and the product of totally monotone capacities is equal to a totally
monotone capacity.
In fact, let ¨ and ¨ be totally monotone capacities on sets V and V .1 2 1 2
Ã  ..Then, in the triangulations T C V , i s 1, 2, they have representationsi
¨1 . ¨ 2 .¨ s  n A ¨ and ¨ s  n B ¨ , respectively. Recall, that1 A; V A 2 B ; V B1 2
for a totally monotone capacity ¨ on a set of V, the coefficients are of the
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¨  .  . < A_ B <  .form n A s  y1 ¨ B G 0. So,B ; A
¨ mt¨ s n ¨1 A n ¨ 2 B ¨ . 30 .  .  .1 2 A=B
A=B;V =V1 2
Hence ¨ mt¨ is the total monotone capacity with coefficients1 2
t n ¨1 A n ¨ 2 B , if W s A = B , .  .¨ m ¨1 2n W s .  0, otherwise.
 .Because of 30 , we yield that if m and m are measures on V and V ,1 2 1 2
then m mtm equals the standard product measure on V = V .1 2 1 2
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